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FUNCTION THEORETIC PROPERTIES OF
SYMMETRIC POWERS OF COMPLEX MANIFOLDS
W LODZIMIERZ ZWONEK
Abstract. In the paper we study properties of symmetric powers
of complex manifolds. We investigate a number of function the-
oretic properties (e. g. (quasi) c-finite compactness, existence of
peak functions) that are preserved by taking the symmetric power.
The case of symmetric products of planar domains is studied in a
more detailed way. In particular, a complete description of the
Carathe´odory and Kobayashi hyperbolicity and Kobayashi com-
pleteness in that class of domains is presented.
1. Introduction
Let X be a connected complex manifold of dimension m. We define
its n-th symmmetric power Xnsym as the quotient X
n under the action
of the group of all permutations of {1, . . . , n}. Recall that Xnsym has
the structure of a complex analytic space. In the case when m = 1
the space Xnsym is actually a complex manifold. If X = D ⊂ C is a
domain then we have a realization of Dnsym as a domain in C
n. More
precisely, its biholomorphic realization is the following n-dimensional
symmetrization (or symmetric product of planar domains)
(1) Sn(D) := pin(D
n),
where pin : C
n 7→ Cn is the symmetrization map (the j-th coordi-
nate is the j-th elementary symmetric polynomial). In other words
pin,j(λ1, . . . , , λn) = σj(λ1, . . . , λn), λj ∈ C, j = 1, . . . , n, where σj sat-
isfies the equality
(2) (λ−λ1) · . . . · (λ−λn) = λ
n+
n∑
j=1
(−1)jσj(λ1, . . . , λn)λ
n−j, λ ∈ C.
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As to the background on basic properties of symmetric powers we refer
the Reader e. g. to [17].
1.1. Description of results. In the paper we present a number of
properties of Xnsym. Some of them may be obtained from general prop-
erties of the realization of Dnsym as a domain, i. e. the so called the
symmetrized polydisc Gn := Sn(D), (D denotes the unit disc in C). The
last domain has been extensively studied in the last two decades (see
for instance [1], [5], [7], [9] and references there).
The starting point for considerations in the paper were inspired by
recent developments on the function theory in symmetric powers (see
e. g. [3], [2] and [4]).
First we present a more general result to that of Theorem 1.4 in [2]
where the proof of the Kobayashi completeness of symmetric powers
of some of Riemann surfaces relies on the proof of existence of peak
functions. Similarly as in [2] the presentation below actually deals
with a stronger version of completeness - the c-finite compactness and
shows that the notion (more precisely, the weaker notion of quasi c-
finite compactness) is preserved under taking the symmetric power,
which is done in a general case of complex manifolds (Theorem 1).
Following the same line of argument relying upon analoguous results
in the symmetrized polydisc we present a result on the existence of
peak functions in symmetric powers (Theorem 6).
In Section 3 we concentrate on properties of symmetric products of
planar domains in C. We show the linear convexity of such domains
(Proposition 9), we present a Riemann-type mapping theorem for them
(Theorem 12) and then we discuss to which extent the Kobayashi hy-
perbolicity (completeness) is preserved under taking the symmetric
power – a complete description of Kobayashi hyperbolicity (complete-
ness) in that class is given in Theorem 16. Finally, we present a result
on preserving the Carathe´odory hyperbolicity under taking the sym-
metric powers of planar domains (Proposition 18).
2. General case
In this Section we present results for a general class of symmetric
powers of manifolds.
2.1. (Quasi) c-finite compactness. Let us recall that any holomor-
phic mapping f : X → Y (X and Y are complex manifolds, not
necessarily of the same dimension) induces a holomorphic mapping
Ff : X
n
sym → Y
n
sym by the formula (a typical element of X
n
sym generated
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by (z1, . . . , zn) ∈ X
n is denoted by 〈z1, . . . , zn〉)
(3) Ff(〈z1, . . . , zn〉) := 〈f(z1), . . . , f(zn)〉, zj ∈ X, j = 1, . . . , n.
In the case Y = D we have the holomorphicity of the mapping
(4) Xnsym ∋ 〈z1, . . . , zn〉 → pin(f(z1), . . . , f(zn)〉 ∈ Gn.
We should also be aware of the fact that any holomorphic function
F : Xnsym → D may be identified with a symmetric function F˜ : X
n →
D – a function F˜ ∈ O(Xn,D) is called symmetric if F˜ (zσ(1), . . . , zσ(n)) =
F˜ (z1, . . . , zn) for any permutation σ of {1, . . . , n}, z1, . . . , zn ∈ X . The
identification is given by the relation
(5) F (〈z1, . . . , zn〉) = F˜ (z1, . . . , zn), zj ∈ X, ; j = 1, . . . , n.
The space of symmetric holomorphic functions Xn → D is denoted by
Os(X
n,D).
The last observation lets us define the Carathe´odory pseudodistance
cXnsym as follows:
(6) cXnsym(〈z1, . . . , zn〉, 〈w1, . . . , wn〉) =
sup {p(0, F (w1, . . . , wn)) : F ∈ Os(X
n,D), F (z1, . . . , zn) = 0} ,
where p is the Poincare´ distance on D.
If, on some complex structure X (e. g. a complex manifold), we
may well-define the Carathe´odory pseudodistance we call X quasi c-
finitely compact if for any sequence (zk)k ⊂ X without the accummu-
lation point we have cX(z1, zk) → ∞. Recall that if X is additionally
Carathe´odory hyperbolic , i. e. cX(w, z) > 0, w, z ∈ X , w 6= z then X
is called c-finitely compact. As to the basic properties related to the
Carathe´odory pseudodositance (as well as to other holomorphically in-
variant functions) we refer the Reader to e. g. [11], [9].
As we shall see below a natural property that is inherited by the
symmetric power is the quasi c-finite compactness.
Theorem 1. Let X be a connected complex manifold. Then Xnsym is
quasi c-finitely compact iff X is quasi c-finitely compact.
Proof. Assume that X is quasi c-finitely compact. Fix 〈z1, . . . , zn〉 ∈
Xnsym. Let
(
〈wk1 , . . . , w
k
n〉
)
k
⊂ Xnsym be a sequence without an ac-
cummulation point. Then withot loss of generality we may assume
that (wk1)k has no accummulation point in X . Let fk ∈ O(X,D) be
such that fk(z1) = 0 and fk(w
k
1) → 1. Then the contractivity of the
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Carathe´odory pseudodistance gives the following
(7) cXnsym(〈z1, . . . , zn〉, 〈w
k
1 , . . . , w
k
n〉) ≥
cGn(pin(fk(z1), . . . , fk(zn)), pin(fk(w
k
1), . . . , fk(w
k
n)).
Since pin(fk(w
k
1), . . . , fk(w
k
n))→ ∂Gn and the set {pin(fk(z1), . . . , fk(zn)) :
k = 1, 2, . . .} is relatively compact in Gn, the c-finite compactness of
Gn (see [15]) gives the convergence of the above expression to infinity
which finishes the proof.
Assume now that Xnsym is quasi c-finitely compact. Fix 〈z1, . . . , zn〉 ∈
Xnsym. Let (w
k
1)k ⊂ X be a sequence without accumulation point.
Then the sequence
(
〈wk1 , z2, . . . , zn〉
)
k
has no accumulation point, ei-
ther. Then the inequalities
(8) cX(z1, w
k
1) ≥ cXnsym(〈z1, . . . , zn〉, 〈w
k
1 , z2, . . . , zn〉)→∞
show the quasi c-finite compactness of X . 
Remark 2. In the case when X is a bounded domain in C the above
theorem is a reformulation of Theorem 4.1 in [12] (applied to the proper
holomorphic mapping (pin)|Dn : D
n → Sn(D)). We also should be aware
of the fact that the idea of the proof of the above theorem is exactly
the same as that of Theorem 4.1 in [12].
Remark 3. In Theorem 1.4 in [2] a result on Kobayashi completeness of
symmetric powers of some Riemann surfaces is formulated. The proof
relies on the existence of some peak functions together with the appli-
cation of Result 3.6 from [2], in which the fact of c-finite compactness is
claimed under assumption of the existence of some peak functions. It
is however not explained us how the necessary fact of the Carathe´odory
hyperbolicity is obtained only with the help of the existence of peak
functions (in the case studied in the reasoning from [11], to which the
paper [2] appeals, the hyperbolicity is trivially satisfied).
Remark 4. If d denotes a family of holomorphically invariant func-
tions (for instance the Carathe´odory (c) or Kobayashi (k) pseudodis-
tance) then d-hyperbolicity of a complex manifold Xnsym implies the
d-hyperbolicity of X . Actually, fix w1, z1 ∈ X , w1 6= z1. Choose
w2 ∈ X . Then 〈w1, w2, . . . , w2〉 6= 〈z1, w2, . . . , w2〉. Consequently,
(9) cX(w1, z1) ≥ cXnsym(〈w1, w2, . . . , w2〉, 〈z1, w2, . . . , w2〉) > 0.
As to the implication:
X is d-hyperbolic =⇒ Xnsym is d-hyperbolic
the observation in the next remark shows that it is not true in gen-
eral.
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Remark 5. It would be tempting to formulate a similar equivalence
as in Theorem 1 for the notion of the Kobayashi quasi completeness.
However, the example C \ {0, 1}, shows that the Kobayashi complete-
ness of X does not guarantee any reasonable property of the Kobayashi
pseudodistance of Xnsym.
In fact, put D := C \ {0, 1}, n = 2. Then
(10) S2(D) = C
2 \ (C× {0} ∪ {(λ+ 1, λ) : λ ∈ C}).
The last is the space C2 with two complex lines intersected which is
affinely isomorphic with C2∗ for which the Kobayashi pseudodistance
vanishes. In the sequel we shall present a complete description of the
Kobayashi hyperbolicity, Kobayashi completeness, Carathe´odory hy-
perbolicity and c-finite compactness in the class of symmetric products
of planar domains.
2.2. Peak functions. In the paper [2] the proof of the Kobayashi com-
pleteness (Theorem 1.4) was conducted with the help of the existence
of peak functions (that was done for some Riemann surfaces). We gen-
eralize the result and simplify the proof below. We also see that we
may reduce the proof of the existence of peak functions in symmet-
ric powers to the existence of some of peak functions in the original
complex manifold.
For a domain Y in a complex manifold X and K ⊂ Y we define
A(Y,K) := O(Y ) ∩ C(Y ∪K). We call a point z ∈ K an A(Y,K) peak
point if there is an f ∈ A(Y,K) such that |f | < 1 on Y and f(z) = 1.
We call f the A(Y,K) peak function at z.
Theorem 6. Let Y be a domain in a complex manifold X. Assume
that z1 ∈ ∂Y is the A(Y, {z1, . . . , zn}) peak point, where z2, . . . , zn ∈ Y .
Then the point 〈z1, . . . , zn〉 is an A(Y
n
sym, {〈z1, . . . , zn〉}) peak point.
Proof. Let f be an A(Y, {z1, . . . , zn}) peak function at z1. Let F ∈
O(Gn ∪ U), where U is a neighborhood of pin(f(z1), . . . , f(zn)) ∈ ∂Gn
be such that
(11) F (pin(f(z1), . . . , f(zn))) = 1 and |F | < 1 on Gn
(see Theorem 2.1 in [12]). The function
(12) Y nsym ∪ {〈z1, . . . , zn〉} ∋ 〈w1, . . . , wn〉 → F (pin(f(w1), . . . , f(wn)))
is the desired peaking function. 
Remark 7. The assumption in Theorem 6 is a weaker one than that in
the proof of Theorem 1.4 of [2].
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3. Remarks on symmetric products of planar domains
In this section we present properties of symmetric products of planar
domains.
3.1. General properties. Recall that if D is a domain in C then we
have a nice representation ofDnsym as a domain in C. We work therefore
on this representation, i. e. the domain Sn(D). First we collect some
facts concerning Sn(D). Below we list some known or straightforward
properties of Sn(D).
Remark 8. • Sn(D) is a domain in C
n and (pin)|Dn : D
n → Sn(D)
is proper onto the image,
• if Σn := {z ∈ D
n : zj = zk for some j 6= k} then pin : D
n\Σn →
Sn(D) \ pin(Σn) is a holomorphic covering,
• Sn(D) is bounded iff D is bounded,
• Sn(D) = pin(D
n
), ∂Sn(D) = pin(∂D ×D
n−1
),
• if D is additionally bounded then the mapping (pin)Dn maps
A(Dn) peak points (A(Ω) := O(Ω)∩C(Ω)) onto A(Sn(D)) peak
points. In particular, the Shilov boundary ∂S(Sn(D)) equals
Sn(∂S(D)) (see Theorem 3.1 in [12]).
Recall that a domain Ω ⊂ Cn is called linearly convex if for any
w ∈ Cn \Ω we may find an affine hyperplane H passing through w and
disjoint from Ω. Following step by step the idea from [15] we get the
linear convexity of Sn(D).
Proposition 9. Let D be a domain in C, n ≥ 2. Let w = pin(µ) ∈
Cn \ Sn(D) be such that µ1 ∈ C \D. Then the affine hyperplane
(13) H(w, µ1) :=
{(µ1+z1, µ1z1+z2, . . . , µ1zn−2+zn−1, µ1zn−1) : (z1, . . . , zn−1) ∈ C
n−1}
passes through w and is disjoint from Sn(D). In particular, Sn(D) is
linearly convex.
Proof. Note that
(14) H(w, µ1) =
{(µ1+pin−1,1(λ
′), µ1pin−1,1(λ
′)+pin−1,2(λ
′), . . . , µ1pin−1,n−1(λ
′)) : λ′ ∈ Cn−1},
SYMMETRIC POWERS OF COMPLEX MANIFOLDS 7
which follows from the surjectivity of the mapping pin−1 : C
n−1 →
Cn−1. It follows that H(w, µ1) is disjoint from Sn(D). Substituting
λ′ = (µ2, . . . , µn) we see that w = pin(µ1, . . . , µn) ∈ H(w, µ1), which
finishes the proof. 
Remark 10. Let us draw our attention to the following property. If
µ1, . . . , µk ∈ C (1 ≤ k ≤ n) then the set
(15) H(µ1, . . . , µk) :=
{pin(µ1, . . . , µk, λ1, . . . , λn−k) : λj ∈ C, j = 1, . . . , n− k}
is an (n − k)-dimensional affine space (in the proof of the previous
proposition we considered the case k = 1). Actually, first note that the
mapping ψ := pin(µ1, . . . , µk, ·) : C
n−k → Cn is proper. Additionally,
the form of pin easily implies that ψ is an affine mapping of variables
pin−k(λ1, . . . , λn−k) and pin−k : C
n−k → Cn−k is also onto. All these
facts give the desired property of H(µ1, . . . , µk).
We show how some properties of D induce the same ones of Sn(D)
(compare Theorem 1). The first notion that we discuss is the hyper-
convexity.
Proposition 11. Let D be a domain in C, n ≥ 2. Then Sn(D) is
hyperconvex iff D is hyperconvex.
Proof. Let D be hyperconvex and let u : D → (−∞, 0) be a negative
subharmonic exhaustion function. Define
(16)
v(z) := max{u(wj) : pin(w1, . . . , wn) = z, j = 1, . . . , n}, z ∈ Sn(D).
The properness of (pin)Dn onto the image and the geometry of Sn(D)
imply that v is a negative plurisubharmonic exhaustion function of
Sn(D).
To prove the opposite implication fix some λ1, . . . , λn−1 ∈ D and let
v be the negative plurisubharmonic exhaustion function on Sn(D). Let
u(·) := v(pin(λ1, . . . , λn−1, ·)) be defined on D. Then u is a negative
exhaustion subharmonic function on D. 
3.2. Riemann-type mapping theorem. For a domain Ω ⊂ Cn we
define the Lempert function as follows
(17)
lΩ(w, z) := inf{p(0, σ) : ∃f ∈ O(D,Ω) such that f(0) = w, f(σ) = z}.
Recall that the Lempert Theorem (see e. g. [13], [9]) states that if Ω
is convex then lΩ ≡ cΩ.
In the next result we show a Riemann-type mapping theorem for
symmetric powers of planar domains.
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Theorem 12. Let D be a bounded, hyperconvex domain in C, n ≥ 2.
Assume that cSn(D) ≡ lSn(D). Then D is biholomorphic to D and n = 2.
Proof. Choose pairwise distinct points λ01, . . . , λ
0
n−1 ∈ ∂(intD) (the fact
that D is bounded allows us to make such a choice) and two distinct
points λ0n, µ
0
n ∈ D. Let us also choose sequences D ∋ λ
k
j →k→∞ λ
0
j ,
j = 1, . . . , n− 1. Now the equality between the Lempert function and
the Carathe´odory distance and the tautness of Sn(D) imply that there
exist holomorphic mappings
(18) fk : D→ Sn(D), Fk : Sn(D)→ D
such that Fk ◦ fk = idD and fk(0) = pin(λ
k
1, . . . , λ
k
n−1, λ
0
n), fk(σk) =
pin(λ
k
1, . . . , λ
k
n−1, µ
0
n), where σk ∈ (0, 1).
Define
(19) Gk(λ) := Fk(pin(λ
k
1, . . . , λ
k
n−1, λ)), λ ∈ D.
Without loss of generality (taking if necessary a subsequence) we have
the following convergences (we use here the boundedness of D):
(20) σk → σ0 ∈ (0, 1), fk → f and Gk → G locally uniformly,
where f : D → Sn(D), G : D → D, f(0) = pin(λ
0
1, . . . , λ
0
n), f(σ) =
pin(λ
0
1, . . . , λ
0
n−1, µ
0
n), G(λ
0
n) = 0, G(µ
0
n) = σ.
Define g˜ (respectively, g˜k) to be the n components of the multival-
ued function pi−1n ◦ f (respectively, pi
−1
n ◦ fk). We know that all the
components of g˜ (respectively, g˜k) have values in D (respectively, D).
Additionally at the points 0 and σ all but one components of g˜ are from
∂D. Note that the values of f at these two points are regular values
for the proper holomorphic mapping pin and thus the functions pi
−1
n ◦ f
near these two points (0 and σ) may be chosen to be a holomorphic
mapping.
The openness of holomorphic functions and the description of the clo-
sure of pin(D) together with the fact that λ
0
j ∈ ∂(intD), j = 1, . . . , n−1,
imply that near these two points all but one components of g˜ are con-
stant (and equal to λ01, . . . , λ
0
n−1) whereas the last one is from D. The
fact that some nonempty open part of f(D) is lying in the complex line
L := {pin(λ
0
1, . . . , λ
0
n−1, λ) : λ ∈ C} implies easily that f(D) ⊂ L and
consequently all but one components of g˜ are constant (equal to λ0j ,
j = 1, . . . , n− 1) and the last component is a nonconstant holomorpic
function g : D → int(D) with g(0) = λ0n and g(σ) = µ
0
n. We show be-
low that we have even more; namely, g(D) ⊂ D. In fact, following the
same line of argument we get more; the multivalued functions g˜k have
the following property: there exists a sequence rk → 1, 0 < rk < 1,
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such that the multivalued functions g˜k are actually holomorphic func-
tions when restricted to rkD with values in D. Moreover, taking the
last component of the multifunction g˜k (which we denote by gk) we get
that gk → g locally uniformly on D. Recall that gk : rkD → D so the
Hurwitz theorem implies that g(D) ⊂ D.
Since G ◦ g(0) = 0, G ◦ g(σ) = σ, the Schwarz Lemma implies that
G ◦ g is the identity. Consequently, D is biholomorphic to D (with
biholomorphisms given by g or G). The results on the symmetrized
polydisc (see [5], [1], [14]) imply that n = 2. 
Remark 13. It would be interesting to see whether some analogue of
the Lempert theorem or the rigidity of the group of automorphims
holds for (Bm)
n
sym, m,n ≥ 2 (compare [1], [5], [7], [14], [4]). It is also
interesting to which extent we could relax assumptions in Theorem 12.
Recall that without some extra assumptions we cannot hope for the
implication:
(21) lSn(D) ≡ cSn(D) =⇒ lD ≡ cD.
Namely, in the example D := C \ {0, 1} we have the identities lS2(D) ≡
cS2(D) ≡ 0 whereas cD ≡ 0 and lD(w, z) > 0, w 6= z.
3.3. Kobayashi hyperbolicity and completeness of symmetric
products of planar domains. Recall that the Kobayashi (pseudo)distance
kΩ of a domain Ω ⊂ C
n may be defined as the largest pseudodistance
smaller than or equal to lΩ. The domain Ω is called Kobayashi hyper-
bolic if kΩ is a distance. If additionally, (Ω, kΩ) is a complete metric
space then Ω is called Kobayashi complete. Recall that the Kobayashi
completeness of a Kobayashi hyperbolic domain is equivalent to the
k-finite compactness, i. e. the fact that kΩ(z, z
k)→∞ for some (any)
z ∈ Ω and any sequence (zk)k ⊂ Ω having no accummulation point
(see e. g. [11], [9]).
We already know that representations of symmetric products of pla-
nar domains are linearly convex. It is worth mentioning that a bounded
linearly convex domain Ω ⊂ Cn is automatically Kobayashi complete.
We present the proof below.
Proposition 14. Let Ω ⊂ Cn be a bounded linearly convex domain.
Then Ω is Kobayashi complete.
Proof. Certainly Ω is Kobayashi hyperbolic.
Fix a boundary point w ∈ ∂Ω. Let H denote an affine hypersurface
passing through w and disjoint from Ω and let l denote a complex line
passing through w orthogonal to H . The projection p along H onto
l maps Ω onto the bounded image in l with the point w lying in the
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boundary of p(D). Let (zk)k ⊂ D be such that z
k → w. Then the
contractivity of the Kobayashi pseudodistance gives
(22) kΩ(z
1, zk) ≥ kp(Ω)(p(z
1), p(zk)).
Since p(Ω) is a bounded planar domain it is Kobayashi complete.
Therefore, the last expression tends to infinity which easily finishes
the proof. 
The above proposition allows us to conclude that a domain Sn(D)
is Kobayashi complete if D ⊂ C is bounded. In the unbounded case
we should be more careful. Below we present a complete description
of Kobayashi hyperbolicity and completeness of symmetric products of
planar domains. We start with the special case.
Proposition 15. Fix n,N ≥ 2. Let µ1, . . . , µN ∈ C be pairwise differ-
ent.
If N ≥ 2n then the domain Sn(C \ {µ1, . . . , µN}) is Kobayashi com-
plete.
If N < 2n then the domain Sn(C \ {µ1, . . . , µN} contains a non-
constant holomorphic image of C and thus it is not Kobayashi hyper-
bolic.
Proof. Simple calculations give the following equality
(23) Sn(C \ {µ1, . . . , µN}) = C
n \
N⋃
j=1
Hj,
where (compare Proposition 9)
(24) Hj :=
{(µj+pin−1,1(λ), µjpin−1,1(λ)+pin−1,2(λ), . . . , µjpin−1,n−1(λ)) : λ ∈ C
n−1} =
{
(µj + z1, µjz1 + z2, . . . , µjzn−1) : (z1, . . . , zn−1) ∈ C
n−1
}
,
j = 1, . . . , n− 1. Note that the hyperplanes Hj are in general position.
In fact, for any 1 ≤ j1 < . . . < jk ≤ n with 1 ≤ k ≤ N we get that
(25) Hj1 ∩ . . . ∩Hjk = {pin(µj1, . . . , µjk , λ1, . . . , λn−k) : λl ∈ C}
is an (n− k)-dimensional affine space (see Remark 10).
Then the theorem on Kobayashi completeness of the complement of
the unions of (2n+1) hyperplanes in general position in the projective
space (see [8], [11]) and results on non-hyperbolicity of complements of
2n hyperplanes (see [10] and [16] or [11]) finish the proof. 
Theorem 16. Let D ⊂ C be a domain and let n ≥ 2 be fixed. If
#(C \D) ≥ 2n then Sn(D) is Kobayashi complete. If #(C \D) < 2n
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then Sn(D) contains a non-constant holomorphic image of C and thus
Sn(D) is not Kobayashi hyperbolic.
Proof. In view of the previous result it is sufficient to show the first
part of the theorem. Let T ⊂ C\D be any set with 2n-elements. Then
Sn(D) ⊂ Sn(C \ T ) so the contractivity of the Kobayashi pseudodis-
tance implies that kSn(D) ≥ kSn(C\T ), which together with the previ-
ous result implies the Kobayashi hyperbolicity of Sn(D). To prove the
Kobayashi completeness it is sufficient to show that kSn(D)(z
1, zk)→∞
for any sequence (zk)k ⊂ D such that ||z
k|| → ∞ or zk → z0 ∈
∂Sn(D). In the first case the result follows from Proposition 15 (as
kSn(C\T )(z
1, zk) → ∞). In the case zk → z0 = pin(µ1, . . . µn), where
µ1 ∈ ∂D, µj ∈ D, j = 2, . . . , n we choose a set T ⊂ D having 2n
elements such that µj ∈ T , j = 1, . . . , n which is possible due to the
assumptions. Then D ⊂ C \ T and z0 ∈ ∂Sn(C \ T ) so
(26) kSn(D)(z
1, zk) ≥ kSn(C\T )(z
1, zk).
And the last expression tends to infinity by Proposition 15, which fin-
ishes the proof. 
Remark 17. As we saw in the proof of Theorem 16 the description of
Kobayashi complete symmetric products of planar domains relied not
only on the linear convexity of Sn(D) but also on the special geometry
of Sn(D). It could be interesting to see whether the following could
be true: a linearly convex domain, which admits a certain number (at
least 2n) of hyperplanes in a general position disjoint from the domain,
is Kobayashi complete.
3.4. Carathe´odory hyperbolicity. It turns out that in the class of
symmetric products of planar domains the Carathe´odory hyperbolicity
is preserved under taking symmetric powers.
Proposition 18. Let D be a domain in C. ThenD is Carathe´odory hy-
perbolic if and only if Sn(D) is Carathe´odory hyperbolic. Consequently,
D is c-finitely compact if and only if Sn(D) is c-finitely compact.
Proof. It is sufficient to show that c-hyperbolicity of D implies that of
Sn(D). Assume thatD is Carathe´odory hyperbolic. Let pin(λ1, . . . , λm) 6=
pin(µ1, . . . , µn) with λj , µj ∈ D, j = 1, . . . , n. Then without loss of gen-
erality we may assume that λ1 6∈ {µ1, . . . , µn} = {x1, . . . , xk}. Then
we claim that there is an f ∈ O(D,D) with f(λ1) = 0, f(µj) 6= 0.
In fact, the Carathe´odory hyperbolicity implies that there is a non-
constant bounded g ∈ O(D) such that g(λ1) = 0. Then the func-
tion h(·) := g(·)∏k
j=1(·−xj)
rj
, where rj is the multiplicity of g at xj , is a
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bounded holomorphic function with h(λ1) = 0 and h(µj) 6= 0 which
gives the claim. Take the function f from the claim. Then z :=
pin(f(λ1), . . . , f(λn)) 6= pin(f(µ1), . . . , f(µn)) =: w, so
(27) cSn(D)(pin(λ1, . . . , λn), pin(µ1, . . . , µn)) ≥ cGn(z, w) > 0.

Remark 19. Recall that in the class of planar domains by a recent
result (Theorem 1 in [6]) two closely related notions of Carathe´odory
completeness and c-finite compactness are equivalent. Moreover, they
are both equivalent to the fact that any boundary point z of D is an
A(D, {z}) peak point. Note that although the c-finite compactness is
equivalent to c-finite compactness of Sn(D) (Proposition 18) we did
not prove the equivalence of c-finite compactness of Sn(D) with the
fact that any boundary point z of Sn(D) is a weak A(D, {z}) point.
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